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Abstract 

This paper presents a comparative study of zeroes of two distinct polynomials under specified 

bounds. The investigation focuses on understanding the behavior of polynomial roots within 

predefined bounds and elucidating the implications of such constraints on their properties.  
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Introduction 

Finding the zeros of polynomials is a traditional topic that has fascinated many mathematicians 

since Cauchy first proposed it. This subject has numerous applications in various branches of 

mathematics and remains an intriguing topic for both numerical and complex analysis. The 

companion of Frobenius Polynomials and matrix analysis are linked by a matrix. It is employed in 

the numerical approximation as well as the matrix method's location of polynomial zeros.  

Since Cauchy was one of the first to contribute to the theory of a polynomial zero location, 

numerous other interested parties have explored this topic. Numerous publications propose 

different upper and lower bounds for the moduli of the zeros. Because of the subject's widespread 

applications in fields like signal processing, communication theory, and control theory, there is a 

constant need for ever-better solutions.  

 

Definition 1.1 

A monic polynomial is a single variable polynomial (that is, univariate polynomial) in which the 

leading coefficient (the non-zero coefficient of highest degree) is equal to 1, 

Definition 1.2 

Let 𝐻(𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏1  

be a monic polynomial of degree 𝑛 ≥ 2 with complex coefficients 𝑏1, 𝑏2, … , 𝑏𝑛, where 𝑏1 ≠ 0. Then the 

Frobenius companion matrix of 𝐻 is given by  
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𝐶(𝐻) =

[
 
 
 
 
−𝑏 𝑛  − 𝑏𝑛−1 … −𝑏2  − 𝑏1

1           0 … 0         0
 0           1 ⋯ 0         0
  ⋮             ⋮         ⋱         ⋮         ⋮
   0            0        …        1        0 ]

 
 
 
 

 

Theorem 1.1 [1] 

If 𝑀 is any zero of (𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏1 , then by Abdurakhmanov: 

|𝑀| ≤
1

2
(|𝑏𝑛| + cos

𝜋

𝑛
+ √(|𝑏𝑛 − cos

𝜋

𝑛
)
2
+ (1 + √∑ |𝑏𝑗|

2𝑛−1
𝑗=1 )

2

)_________(1) 

Theorem 1.2 [4] 

If 𝑀 is any zero of (𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏1 , then by Kittaneh: 

                  |𝑀| ≤
1

2
(|𝑏𝑛| + cos

𝜋

𝑛
+ √(|𝑏𝑛 − cos

𝜋

𝑛
)
2
+ (1 + √∑ |𝑏𝑗|

2𝑛−1
𝑗=1 )

2

)___________ (2) 

 

Theorem 1.4   [4] 

If 𝑀 is any zero of 𝐻(𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏1, then  

BK( another bound for Kittaneh ):  

|𝑀| ≤
1

2

(

 
 

|𝑏𝑛| + 1 + √(|𝑏𝑛| − 1)2 + 4√∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

 
 

 

. 

Theorem 1.5   [4] 

In Frobenius Companion Matrix. 

  If 𝑀 is any zero of 

𝐻(𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏 

, then  

 

1. |𝑀|  ≤ max{|𝑏1|, 1 + |𝑏2|, 1 + |𝑏3|, … ,1 + |𝑏𝑛|} 

≤ 1 + max{|𝑏1|, |𝑏2|, |𝑏3|, … , |𝑏𝑛|} 
                             (Cauchy’s bound) 
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2. |𝑀|  ≤ max{1, |𝑏1| + |𝑏2| + |𝑏3| + ⋯+ |𝑏𝑛|} 

≤ 1 + |𝑏1| + |𝑏2| + |𝑏3| + ⋯+ |𝑏𝑛| 
                                           (Montel’s bound) 

 

3. |𝑀|  ≤ (1 + |𝑏1|
2 + |𝑏|2 + |𝑏3|

2 + ⋯+ |𝑏𝑛|2)
1

2 

                             (Carmichael-Mason’s bound) 

 

Main Results 

We represent the relation between the inequalities (1) and (2)  

Theorem 2.1 

Let 𝐻(𝑧) = 𝑧𝑛 + 𝑏𝑛𝑧𝑛−1 + ⋯+ 𝑏2𝑧 + 𝑏1, 𝑏1 ≠ 0  and  𝑧 is any zero of 𝑃. then  

1

√𝑘
𝐴. 𝑏 ≥ 𝐾. 𝑏  for some 𝑘 > 0 with  |𝑘| > 1. 

 

Proof: 

1

2√𝑘

(

  
 

|𝑏𝑛| + 𝑐𝑜𝑠
𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

)

  
 

 

≥
1

2√𝑘
(|𝑏𝑛| + 𝑐𝑜𝑠

𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

) 

If and only if  

1

2√𝑘
|𝑏𝑛| +

1

2
𝑐𝑜𝑠

𝜋

𝑛
+

1

2
√(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

 

≥
1

2
|𝑏𝑛| +

1

2
𝑐𝑜𝑠

𝜋

𝑛
+

1

2
√(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1
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If and only if  

 

                                                 
1

2
√(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2
+ (1 + √∑ |𝑏𝑗|

2𝑛−1
𝑗=1 )

2

                         (for 𝑘 = 1) 

≥
1

2
√(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

 

 

If and only if 

√(|𝑏𝑛| − 𝑐𝑜𝑠
𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

≥ √(|𝑏𝑛| − 𝑐𝑜𝑠
𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

 

 

If and only if  

(|𝑏𝑛| − 𝑐𝑜𝑠
𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

≥ (|𝑏𝑛| − 𝑐𝑜𝑠
𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

 

If and only if 

(1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

≥ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

 

If and only if 

1 + 2√∑|𝑏𝑗|
2

𝑛−1

𝑗=1

+ ∑|𝑏𝑗|
2

𝑛−1

𝑗=1

≥ |𝑏𝑛−1|
2 + 2|𝑏𝑛−1| + 1 + ∑|𝑏𝑗|

2
𝑛−2

𝑗=1

 

If and only if  
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2√∑|𝑏𝑗|
2

𝑛−1

𝑗=1

≥ 2|𝑏𝑛−1| 

If and only if  

∑|𝑏𝑗|
2

𝑛−2

𝑗=1

≥ 0 

And hence, we see that 

∑|𝑏𝑗|
2

𝑛−2

𝑗=1

≥ 0 

 always true.  

So, the inequality (2) is better than then the inequality (1) because otherwise 

∑|𝑏𝑗|
2

𝑛−2

𝑗=1

≤ 0  

  which is false.  

Also, Kittaneh bound and Abdurakmanov bound aren’t equal because if Kittaneh bound  equals 

Abdurakmanov bound,  then 

∑|𝑏𝑗|
2

𝑛−2

𝑗=1

= 0 

 and hence |𝑏𝑗|
2

= 0, which is false because 𝑏1 ≠ 0.  

 

In the following example, we show that Kittaneh bound is better than Abdurakmanov bound.  

 

Example 2.1 

Let ℎ(𝑧) = 𝑧4 + 5  then 

𝑏4 = 0, 𝑏3 = 0, 𝑏2 = 0, 𝑏1 = 5 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑘 = 1.1 > 0 

So,  

     Abdurakmanov:   
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|𝑀| ≤
1

2

(

  
 

|𝑏𝑛| + 𝑐𝑜𝑠
𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

)

  
 

≤ 3.2153 

Kittaneh:       

|𝑀| ≤
1

2
(|𝑏𝑛| + 𝑐𝑜𝑠

𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

) ≤ 2.9274 

 

In the following example, we show that Kittaneh bound is better than Abdurakmanov bound.  

 

Example 2.2     

Let ℎ(𝑧) = 𝑧4 + 3𝑧3 + 10𝑧2 + 2𝑧 + 1  then 

𝑏4 = 3, 𝑏3 = 10, 𝑏2 = 2, 𝑏1 = 1 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑘 =
6

5
 

So,  

     Abdurakmanov:   

|𝑀| ≤
1

2

(

  
 

|𝑏𝑛| + 𝑐𝑜𝑠
𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

)

  
 

≤ 3.0803 

Kittaneh:       

|𝑀| ≤
1

2
(|𝑏𝑛| + 𝑐𝑜𝑠

𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

) ≤ 2.9274 

In the following example, we show that Kittaneh bound is better than Abdurakmanov bound.  

 

Example 2.3     

Let ℎ(𝑧) = 𝑧6 + 3𝑧5 + 4𝑧4 + 2𝑧2 + 3  then 

𝑏6 = 3, 𝑏5 = 4, 𝑏4 = 0, 𝑏3 = 2, 𝑏2 = 0, 𝑏1 = 3 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑘 = 4 
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So,  

     Abdurakmanov:   

|𝑀| ≤
1

2

(

  
 

|𝑏𝑛| + 𝑐𝑜𝑠
𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (1 + √∑|𝑏𝑗|
2

𝑛−1

𝑗=1

)

2

)

  
 

≤ 8.485 

Kittaneh:       

|𝑀| ≤
1

2
(|𝑏𝑛| + 𝑐𝑜𝑠

𝜋

𝑛
+ √(|𝑏𝑛| − 𝑐𝑜𝑠

𝜋

𝑛
)
2

+ (|𝑏𝑛−1| + 1)2 + ∑|𝑏𝑗|
2

𝑛−2

𝑗=1

) ≤ 5.194 
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